We study the frictional drag due to Coulomb and phonon mediated electron -electron interaction in a double layer electron system exposed to a perpendicular magnetic field. We calculate the transresistivity as a function of magnetic field, temperature, and inter-layer spacing L: We find the strikingly different magnetic field and temperature dependence of the transresistivity for L ¼ 30 and 200 nm and ascribe this to the weak screening effect at large inter-layer separations. Frictional drag effect between two spatially separated twodimensional (2D) electron systems [1, 2] manifests itself when a current with a density J 1 driven along the layer 1 induces, via momentum transfer, an electric field E 2 in the layer 2 under the condition that the layer 2 is an open circuit [3, 4] . In the presence of a perpendicular magnetic field the drag has been measured in coupled 2D electron systems (2DES) [5] [6] [7] [8] [9] , 2D hole systems (2DHS) [10] as well as in 2DES -2DHS [7] . Recently a new regime of the magnetodrag in a coupled 2DES at mismatched densities has been revealed in which the polarity of the drag voltage is opposite to that normally found for electron systems [11, 12] .
Frictional drag effect between two spatially separated twodimensional (2D) electron systems [1, 2] manifests itself when a current with a density J 1 driven along the layer 1 induces, via momentum transfer, an electric field E 2 in the layer 2 under the condition that the layer 2 is an open circuit [3, 4] . In the presence of a perpendicular magnetic field the drag has been measured in coupled 2D electron systems (2DES) [5] [6] [7] [8] [9] , 2D hole systems (2DHS) [10] as well as in 2DES -2DHS [7] . Recently a new regime of the magnetodrag in a coupled 2DES at mismatched densities has been revealed in which the polarity of the drag voltage is opposite to that normally found for electron systems [11, 12] .
Theoretical investigations were mostly carried out by incorporating the direct Coulomb mechanism [13 -16] . These calculations show reasonable agreement with the experiments [5, 6] that at low temperatures transresistivity r Drag demonstrates an analog of the Shubnikov-De Haas oscillations with amplitudes by two order of magnitude enhanced compared to the zero field drag signal. At the matched densities the measured drag has a double-peak structure in magnetic field in the inter-quantum Hall plateau regions [6, 11] . This observation is in agreement with the earlier calculations of the Coulomb drag by Bønsager et al. [13] who predicted this behavior caused by the interplay of screening and Landau quantization. However, the calculations by Wu et al. [14] and the experiments by Hill et al. [5] show oscillations without the double-peak structure. The test of the theory was performed in a recent experiment by Lok et al. [12] , which confirms that the r Drag does not show the predicted double-peak structure for the spin split Landau levels and the double-peak structure at higher filling factors is not caused by the screening effect [8] .
In addition to the direct Coulomb interaction, Gramila et al. proposed a different mechanism of the drag, which is mediated by acoustical phonon exchange, based on their experiment [17] . Despite the weak bare electron -phonon (e-p) coupling, the phonon mediated electron -electron (ee) interaction is obtained theoretically [18] [19] [20] to be strong and the associated drag mechanism important to explain experimental results in the zero magnetic field case. Experimentally, the phonon mediated drag is found to be the dominant mechanism, except for very closely spaced layers, both in the zero [10, 17, 21, 22] and finite [7, 10] magnetic field cases. Up to now, however, it is rare to find theoretical works on the frictional drag mediated by phonon exchange in a finite magnetic field B: The exceptions are recent treatments of the phonon drag at the Landau level filling factor n ¼ 1=2 by Chern-Simons composite fermion theory [23] .
In this letter we report our theoretical investigation of the direct Coulomb and the effective phonon mediated frictional drag in a coupled 2DES exposed to a perpendicular magnetic field. Motivated by experiment [7] 2 as a function of T is very sharp for the large separation L ¼ 200 nm: We ascribe this to the weak screening effect at large inter-layer separations where the phonon mechanism dominates with the large transferred energy and momentum.
Our model consists of two parallel electron layers exposed to a perpendicular magnetic field in the z-direction, separated by a distance L from center to center, having the same electron density n 1;2 ¼ n and the layer extension
The experimentally measured quantity is the transresistivity defined as r Drag ¼ E 2 =J 1 : The expression for r Drag can be derived by using the linearized Boltzmann equation [24] or the memory function formalisms starting from the Kubo formula [19, 25] .
Direct calculations show that in our model the transresistivity is represented in the standard form vÞ the total unscreened inter-layer interaction matrix element (i; j ¼ 1; 2 are the layer indices), 1ðq; vÞ the screening function, and x i ðq; vÞ the irreducible intra-layer electron polarization functions. The index Y refers to the type of e -e interaction. We are interested in the experimental situations when v p v PO (v PO is the polar optical phonon (PO) frequency). In this regime only virtual PO phonons contribute to the magnetodrag. This contribution behaves like the Coulomb contribution, and, because of the small coupling, results simply in a small renormalization. Therefore, we consider direct Coulomb ðY ¼ CÞ e-e interaction and effective e-e interaction, mediated by the exchange of piezoelectric acoustical phonons ðY ¼ PAÞ: The inclusion of deformation acoustical phonons is straightforward and will be done elsewhere. Phonon mediated e -e interaction appears in second order perturbation theory with respect to the bare e -p coupling. For the total unscreened inter-layer e -e interaction matrix elements we obtain
where k 0 ¼ 13:1 is the GaAs static dielectric constant, and
where s is the sound velocity, t PA q the phonon lifetime. The following nominal scattering times are introduced in Eq. (2) We assume that electron scattering takes place in the lowest electron subbands of infinitely high quantum wells and the subband density functions r 2 ðzÞ ¼ r 1 ðz þ LÞ in both layers do not depend on the subband index. In GaAs, the PA interaction matrix element is given by the effective piezo-electric modulus, which depends only on the polarization of the phonon and its direction of propagation. Since in this description of drag we are interested in the average relaxation characteristics of the system, the anisotropy of PA interaction can be ignored. We describe PA interaction within the isotropic model [27] that leads to a scalar PA interaction constant. We also assume that elastic parameters of the sample are the same and phonons are not reflected from the interfaces separating different materials (for instance between GaAs and AlGaAs).
From Eq. (2) (2)), behaves like a delta function because of the small phonon couplings
is negligible with respect to the Coulomb term W C ij ðq; vÞ for all over v and q except the close neighborhood of v ¼ sq where a is very small and we have again ad p 1: Thus, the zero-limit approximation of the form factors F is well justified for both Coulomb and phonon mediated e -e interaction and we take F 1;2 ðjÞ < F 1;2 ð0Þ in our numerical calculations.
In the random phase approximation, the dielectric tensor is obtained from the solution of a matrix Dyson equation for the dynamically screened inter-layer interaction [28] [13] have shown that when the Landau levels are clearly resolved, corrections to the vertex part are small. In the first approximation they can be neglected [14 -16] and xðq; vÞ is given by xðq; vÞ
where ' B is the magnetic length and f T the Fermi distribution function determined by the chemical potential E F : The bare vertex functions Q ll 0 are given by the gauge invariant part of the in-plane form factor [29] in the self-consistent Born approximation
In this approximation, the half-width G 0 ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ð2=pÞ"v B ð"=tÞ p of the Landau level E l ¼ ðl þ 1=2Þ"v B is independent of the Landau index l (v B is the cyclotron frequency and t is the transport relaxation time that determines the current in the drive layer via the mobility m ¼ et=m p ; m p is the electron effective mass). The chemical potential E F ðn; B; T; mÞ in distribution functions is determined implicitly from the electron density
Here, we use the Green functions obtained by Gerhardts [30] in the improved self-consistent Born approximation which correspond to the Gaussian density of states without the unphysical edges of Landau bands. Eqs. (1) - (8) constitute the basic framework of our calculation. In this treatment, the Landau levels acquire broadening due to e -i scattering and each broadened state has its weighted contribution to drag. The electron energy remains dispersionless and the distribution functions do not depend on the position of the Landau oscillator center. For this reason r Drag does not depend on the gauge non-invariant electron momenta k; as it should be, but also after performing the summation of over all k; no interference occurs in Eq. (1) between different Fourier componentsq both of the Coulomb [31] and the e-p interaction potentials. It should also be noticed that only such non-trivial treatment of e-e, e -p, and e -i scattering allows the existence of the intra-Landau band magnetoplasmons and e -p scattering processes with a finite energy transfer "v -0: This is especially important in the regime of T; G 0 p "v B under the consideration here. Without impurity broadening of the Landau levels, the phonon mediated magnetodrag in this regime is only due to exchange of pure virtual phonons with "v ¼ 0 and q -0: But this contribution is small with respect to the Coulomb magnetodrag for all phonon modes. In contrast to this, for finite "v; acoustical phonon mediated e -e interaction diverges in v ¼ sq: This divergence enhances strongly the phonon contribution to magnetodrag and makes it dominant at large inter-layer separations.
Below we present the calculations of r Drag as a function of B; T; and L in a symmetric double layer quantum well system with n ¼ 2:5 £ 10 15 m 22 : We neglect the spin splitting and assume that the Landau levels are fully resolved and the odd filling factors correspond to a halffilled Landau levels. The spin degeneracy results in an additional factor of 4 in Eq. (1).
In Fig. 1 In Fig. 2 we present the magnetic field dependence of total transresistivity due to Coulomb and PA phonon mediated e -e interaction. The transresistivity shows Shubnikov-De Haas oscillations as a function of B both for L ¼ 30 and 200 nm. For L ¼ 200 nm we find that r Drag ðBÞ has perfectly symmetric oscillations with strongly increasing amplitudes in B: We ascribe this to weak screening at large inter-layer separations. For L ¼ 30 nm; in agreement with the calculations by Bønsager et al. [13] for pure Coulomb interaction, r Drag ðBÞ demonstrates a double-peak structure around the filling factor n ¼ 3; caused by strong screening. At low fields screening is relatively weak and, except for some asymmetry, no dip is visible for n $ 4: However, screening has a flattening effect on the oscillation amplitudes in different inter-plateau regions for L
The magnitude of the calculated r Drag and its strong decrease with increasing L are in good quantitative agreement with the experimental findings by Rubel et al. [7] . In this experiment, however, dips are also observed in the middle of Landau bands for samples with large inter-layer separations. The lack of such dips in our calculations for L ¼ 200 nm might be an additional indication that these dips in the experiments should be attributed rather to the spin than the screening effect [5, 8, 12] .
In Fig. 3 we plot the temperature dependence of r Drag and r Drag =T 2 for two different values of B and for L ¼ 30 and 200 nm in the temperature range from 0.1 up to 8 K. Although r Drag =T 2 shows a peaked temperature dependence for both L ¼ 30 and 200 nm, r Drag demonstrates completely different behavior for L ¼ 30 and 200 nm as a function of T: For L ¼ 30 nm the magnetodrag is mainly due to the Coulomb mechanism and is in agreement with the calculations by Bønsager et al. [13] for pure Coulomb interaction. At lower temperatures r Drag has a subquadratic temperature dependence and r Drag =T 2 remains finite at low T: The transferred energy "v is restricted by temperature, "v & T; and the transferred momentum is, independent of "v; restricted by the inter- ). Therefore at low temperatures one can use the small v and q limit of the polarization function xðq; vÞ: In this limit both Imxðq; vÞ and Im1ðq; vÞ are linearly vanishing functions with v while Re1ðq; vÞ has a large maximum, determined by the electronic compressibility. By replacing the upper limit of the integration over "v in Eq. (1) with T and taking the static limit of the screening function out of the integration, one can obtain (Fig. 3) .
At high temperatures all "v p T contribute to the integral in Eq. (1). Now, however, sinhð"v=2TÞ / "v=T and the integration limits over "v do not depend on T: This results in the peaked temperature dependence of r Drag =T 2 shown in Fig. 3 with an approximately linear temperature dependence of r Drag / T at high temperatures, observed experimentally by Hill et al. [5] .
The situation is completely changed for L ¼ 200 nm where the magnetodrag is mainly due to phonon exchange. At low temperatures r Drag has stronger dependence on T than it has at the small inter-layer separation. At high temperatures r Drag decreases slowly with increasing T: This results in the very sharp peak of r Drag =T 2 as a function of T for L ¼ 200 nm (Fig. 3) . This strikingly different behavior of r Drag as a function of T for different L is a consequence of the fact that the main contribution to the phonon mediated drag comes from q < v=s for which effective unscreened ee interaction diverges in the limit of infinite phonon lifetime. Now the integrand over v in Eq. (1) 2 B =2 and in the whole temperature range the main contribution to phonon magnetodrag makes t ¼ t l , 1 (t l are the zeros of the derivative of g l ðtÞ), i.e. the finite "v < "sq , "s=' B , G 0 : The small v and the small q approximation is not valid for 1ðq; vÞ and it is a rapidly decreasing function with v and the screening effect is weak in the phonon magnetodrag (cf. the curves corresponding to L ¼ 30 and 200 nm in Fig. 2) . We obtain the following formula as an approximation to the temperature dependence of the transresistivity in this regime One can see, however, from Fig. 3 that the actual peak position of r Drag ðTÞ is shifted to the left from "v 1 =2: For L ¼ 200 nm the integrand over v in Eq. (1) after taking the sum overq has also a small peak near y ¼ 0:45; which is related to another maximum of the function g 1 ðtÞ at t 35Þ and also to the maximum of the function g 0 ðtÞ at t 0 ¼ 1 ðy 0 ¼ 0:67Þ: This peak contribution to r Drag ðTÞ shifts the actual crossover temperature of r Drag ðTÞ to the left so that T peak < 3:6 K (Fig. 3) . Thus, at high temperatures we obtain that for L ¼ 200 nm r Drag decreases slowly with T (Fig. 3) . This extraordinary temperature dependence is mainly due to the weak screening effect at large L and the screening is weak because the phonons with large energies and momenta realize e -e interaction between remote layers. Note that the T 21 dependence of r Drag ðTÞ for the pure Coulomb interaction in one of the scattering regions was also reported by Khaetskii and Nazarov [15] . As far as we know at present no magnetodrag measurements are available in the above regime and the experimental test of the temperature dependence of phonon magnetodrag is critical.
In conclusion, we have calculated the transresistivity between spatially separated electron layers in the perpendicular magnetic fields. We take into account both direct Coulomb and effective phonon mediated e-e interaction. We find the strikingly different magnetic field and temperature dependence of r Drag for the small and large inter-layer separations. We ascribe this to the weak screening effect at large spacing where the phonon mechanism dominates with the large transferred energy and momentum. In good agreement with the experimental findings of Rubel et al. [7] , we obtain that the total drag is about 0.3 V at n ¼ 3 for L ¼ 30 nm and this is approximately 13 times larger than r Drag for L ¼ 200 nm:
